We examine optimal quadratic hedging of barrier options in a discretely sampled exponential Lévy model that has been realistically calibrated to reflect the leptokurtic nature of equity returns. Our main finding is that the impact of hedging errors on prices is several times higher than the impact of other pricing biases studied in the literature.
Introduction
We study quadratic hedging and pricing of European barrier options with a particular focus on the magnitude of risk of optimal hedging strategies. In a discretely sampled exponential Lévy model, calibrated to reflect the leptokurtic nature of equity returns, we compute the hedging error of the optimal strategy and evaluate prices that yield reasonable risk-adjusted performance for the hedger. We also confirm what traders already know empirically, namely that the hedging risk of barrier options substantially outstrips that of plain vanilla options.
European barrier options are derivative contracts based on standard European calls or puts with the exception that the option becomes active (or inactive) when the stock price hits a prespecified barrier before the maturity of the option. Options activated in this way are called knock-ins; those deactivated are called knock-outs.
Under the assumptions of the Black-Scholes model barrier options have been valued first by [32] and in more detail by [33] . Early literature on numerical evaluation of barrier option prices concentrates on slow convergence of binomial method, which is due to the difference between the nominal barrier specified in the option contract and the effective barrier implied by the position of nodes in the stock price lattice. This discrepancy, if not properly controlled, may lead to sizeable mispricing, especially for options whose barrier is close to the initial stock price. [4] and [34] suggest better positioning of nodes in binomial and trinomial lattices to minimize the discrepancy between nominal and effective barrier, whereas [14] propose interpolation between two adjacent values of the effective barrier. [21] devise an adaptive mesh allowing for more nodes (and shorter time steps) around the barrier.
The papers above are concerned with continuously-monitored barriers in the Black-Scholes model. Discrete monitoring, too, can have significant impact on option valuation, and, unlike the continuous monitoring case, does not allow for a simple closed form pricing formula, cf. [22] . A simple asymptotic correction, which works well for barriers not too close to initial stock price, was developed by [5] . For barriers in close proximity of the stock price the Markov chain representation of stock prices developed by [15] is more appropriate. Other papers dealing with discrete monitoring in the log-normal framework include [23] , [25] , [28] , [29] and [38] . [1] describe a systematic way of handling discretization errors by means of quadrature. There is also an extensive literature on barrier option pricing by Monte Carlo simulation which we will not touch upon in this paper.
The models discussed above are complete in the sense that one can devise a selffinancing trading strategy that perfectly replicates the barrier option. In practice, however, one encounters considerable difficulties in maintaining a delta-neutral position when close to the barrier. This has motivated study of static replication of barrier options with plain vanilla options. [8] use the reflection principle known from barrier option pricing combined with so-called put-call symmetry to write a down-and-out call as a sum of a long call and a short put. Their methodology is to some extent model-free but it only works if the market is complete and if the aforementioned symmetry holds, requiring that risk-free rate be equal to the dividend rate in addition to a certain symmetry of local volatilities. [6] analyze static super-and sub-replication. The latter results are completely model-free at the cost of generating price bounds that are potentially very wide. Other papers on static replication include [2] , [7] , [12] and [13] .
Several studies allow for parametric departures from the Black-Scholes model. [16] and [26] use Bates' stochastic volatility jump-diffusion model while [30] allows for IID jumps. Several numerical approaches now exist for dealing with a wide class of (possibly infinite variation) Lévy models, see [20] , [19] .
The paper is organized as follows. In Section 2 we specify the theoretical model, describe its calibration and computation of optimal strategies. Section 3 provides economic analysis of the numerical results and Section 4 explains the relationship between barrier option prices and hedger's risk-adjusted performance.
The model
We have at our disposal nominal log returns on FT100 equity index in the period January 1st, 1993 to December 31st, 2002, sampled at a 1 minute interval. Eventually we wish to say something about optimal hedging of barrier options in a model with rebalancing frequency ∆ ∈ [5 minutes, 1 day] and a daily monitoring of the barrier. We will assume independence and time homogoneity of underlying asset returns at any given rebalancing frequency. This is not to say that stochastic volatility is unimportant in practice, instead we may think of the IID assumption as a useful limiting case when the (unobserved) volatility state changes either very slowly or very quickly. In this view of the world the leptokurtic nature of returns is a source of risk that does not vanish even after stochastic volatility has been factored in appropriately.
The analysis is performed under two self-imposed constraints. The first is to use the available data in a non-parametric way and the second is to perform all numerical analysis in a multinomial lattice.
In these circumstances there are essentially two strategies for calibrating the stock price process. One option is to simply take the data series sampled at time interval ∆ , generate a discretized distribution of returns and construct a multinomial lattice using this distribution. An alternative is to consider an underlying continuoustime model from which the daily or hourly returns are extracted. [17] argue that equity return data display sufficient amount of time consistency for such an approach to make sense. The underlying model is then necessarily a geometric Lévy model, cf. Lemma 4.1 in [9] . Such approach also offers an alternative avenue to obtaining asymptotics as ∆ tends to zero by studying quadratic hedging for barrier options directly in the underlying Lévy model -a task which at present is still outstanding and well beyond the scope of this paper.
Calibration
We take the original log return data sampled at ∆ 0 = 1 minute intervals and construct an equidistantly spaced sequence m 0 < m 1 < . . . < m N+1 with spacing δ , such that m N is the highest and m 1 the lowest log return in the sample. We set N = 1000. We then identify the frequency of log returns in each interval of length δ centred on m j , j = 0, . . . , N + 1 and store this information in the vector { f j } N+1 j=0 . We construct an empirical Lévy measure F raw as an absolutely continuous measure with respect to the Lebesgue measure on R
) and elsewheref is obtained as a linear interpolation of f . This construction is motivated by an asymptotic result that links transition probability measure of a Lévy process to its Lévy measure over short time horizons, see [35] , Corollary 8.9.
In the next step we normalize the empirical characteristic function of log returns to achieve a pre-specified annualized mean µ and volatility σ . Since the raw empirical Lévy process is square-integrable and therefore a special semimartingale we will use the (otherwise forbidden) truncation function h(x) = x. We will construct the log return process by setting
where J L raw is the jump measure of a Lévy process with Lévy measure F raw , ν L raw is its predictable compensator and * denotes a certain stochastic integral as defined in [27] . II.1.27. This yields
We fix the annualized volatility of log returns at σ = 0.2, but to check the robustness of our results we allow the mean log return to take 2 different values µ ∈ {−0.1, 0.1}, the first representing a bear market and the second representing a bull market.
Instead of the non-parametric calibration procedure above one could instead estimate a model from a convenient parametric family, such as the generalized hyperbolic family, as outlined in [18] . The parametric route offers in some special cases an explicit expression for the log return density at all time horizons which avoids the need for numerical inversion of the characteristic function employed below.
Multinomial lattice
If Z denotes the log return on time horizon ∆ its characteristic function is of the form
where the cumulant generating function κ is given by equations (1) and (2) . Provided that Z has no atom at z the cumulative distribution is given by the inverse Fourier formula, see [35] , 2.5xi,
where c is an arbitrarily chosen real number 1 and H is a step function,
We now define a discretized distribution of log returns to populate our lattice. The discretized random variableẐ will take valueŝ
where n down , n up are the smallest numbers in N such that P(Z ≤ −n down η) ≤ α and F Z (Z ≤ n up η) ≥ 1 − α, respectively. We use the values η = 0.0005 and α = 10 −5 . For comparison, the corresponding value of η in [15] with 1001 price nodes is 0.0089. Table 5 shows the number of standard deviations.
The transition probabilities corresponding to different values of log return are defined bŷ
To limit the effect of the discretization errors arising from an arbitrary position of the barrier we limit computations to barrier levels that satisfy ln B − lnS ∈ (Z + 1/2)η and use interpolation otherwise.
Optimal hedging
In the multinomial lattice constructed above we compute the optimal hedging strategy and the minimal hedging error according to the following theorem.
Theorem 1. Suppose that there is an F n -measurable contingent claim H such that
In the absence of transaction costs the dynamically optimal hedging strategy ϕ solving
subject to ϑ i being F i -measurable with G being the value of a self-financing portfolio,
is given by
The hedging performance of the dynamically optimal strategy ϕ and of the locally optimal strategy ξ is given by
Proof. See [9] , Theorem 3.3. ⊓ ⊔
Numerical results
We first fix the rebalancing period to ∆ = 1 day and examine the behaviour of hedging errors across maturities, strikes and barrier levels.We then analyze the asymptotics of the hedging error as the rebalancing interval ∆ approaches 0, keeping the monitoring frequency of the barrier constant. We do so initially for a range of strikes and barrier levels with rebalancing interval ∆ = 1 hour and then with fixed strike and barrier level we examine asymptotics going down to ∆ = 5 minutes.
Effect of barrier position, maturity and drift
We consider an up-and-out European call and two maturity dates: 1 and 6 months.
During a detailed preliminary analysis we have found that changes in risk-free rate have a very small impact upon hedging errors and therefore we fix the risk-free rate in all computations to r = 0. Volatility is normalized to σ = 0.2 as explained in Section 2.1, while the drift takes two values µ ∈ {−0.1, 0.1}. The time units reflect trading time; specifically we assume there are 8 hours in a day and 250 days in a year. To be able to compare the size of hedging error across maturities we measure the position of the barrier and of the striking price relative to the initial stock price in terms of their Black-Scholes delta.
For each set of parameters we report five quantities: i) the Black-Scholes price of a continuously monitored option C, ii) the Black-Scholes price of a daily monitored option 2V , iii) the standard deviation of the hedging error in a discretely rebalanced Black-Scholes modelε 0 obtained from (5) using multinomial approximation of Black-Scholes normal transition probabilities 3 with daily monitoring and daily or hourly rebalancing; iv) the mean value process V obtained from (3) and (4) using multinomial approximation of Lévy transition probabilities; and v) the standard deviation of the unconditional expected squared hedging error ε 0 obtained from (5) using multinomial Lévy transition probabilities. The barrier of an up-and-out call has to be above the stock price for the option to be still alive, we therefore parametrize the delta of the barrier by values starting at 4 Tables 1-4. We commence with the base case parameters ∆ = 1 day, µ = 0.1 in Tables 1  and 2 . The mean value process V coincides to a large extent with the Black-Scholes value of a discretely monitored option. This is a striking result, since the model in which V is computed is substantially incomplete, whereas the reasoning behindV relies on continuous rebalancing and perfect replication. For T = 1 month (Table 1) the difference between V andV is always less than 6.4 cents in absolute value, and in relative terms it is less than 3.6% across all strikes and barrier levels.
The difference between V andV tends to diminish with increasing maturity. For T = 6 months ( Table 2 ) the difference between V andV is less than 6.1 cents in absolute value, and less than 2.7% in relative terms. The signs of V −V follow a pattern across strikes and barrier levels whereby the difference tends to be negative for very high barrier levels in combination with high strike prices, and to be positive elsewhere. 2 Computation of the discretely monitored option price in Black-Scholes model follows the methodology of [15] . Effectively, the calculation is the same as for V in the empirical model, but the multinomial transition probabilities approximate the Black-Scholes risk-neutral distribution N r − σ 2 /2 ∆ , σ 2 ∆ . 3 Objective probability distribution of log returns in the Black-Scholes model is N µ − σ 2 /2 ∆ , σ 2 ∆ . 4 The barrier with delta of 10 −100 is so high that the corresponding results are, for all intents and purposes, indistinguishable from a plain vanilla option. Table 1 Mean value and hedging error for a daily monitored up-and-out call option. T = 1 month, ∆ = 1 day, µ = 0.1, r = 0. For each strike and barrier level we report 5 values: i) Black-Scholes value of continuously monitored option, ii) mean value for normally distributed log returns and discretely (daily) monitored option, iii) hedging error corresponding to ii); iv) the mean value process V 0 for the empirical distribution of log returns(discrete monitoring); v) standard deviation of the unconditional hedging error corresponding to iv). Strike and barrier levels are parametrized by the Black-Scholes delta of their position. Table 2 Mean value and hedging error for a daily monitored up-and-out call option. T = 6 month, ∆ = 1 day, µ = 0.1, r = 0. For each strike and barrier level we report 5 values: i) Black-Scholes value of continuously monitored option, ii) mean value for normally distributed log returns and discretely (daily) monitored option, iii) hedging error corresponding to ii); iv) the mean value process V 0 for the empirical distribution of log returns(discrete monitoring); v) standard deviation of the unconditional hedging error corresponding to iv). Strike and barrier levels are parametrized by the Black-Scholes delta of their position. Table 3 Mean value and hedging error for a daily monitored up-and-out call option. T = 6 months, ∆ = 1 day, µ = −0.1, r = 0. For each strike and barrier level we report 5 values: i) Black-Scholes value of continuously monitored option, ii) mean value for normally distributed log returns and discretely (daily) monitored option, iii) hedging error corresponding to ii); iv) the mean value process V 0 for the empirical distribution of log returns(discrete monitoring); v) standard deviation of the unconditional hedging error corresponding to iv). Strike and barrier levels are parametrized by the Black-Scholes delta of their position. Table 4 Mean value and hedging error for a daily monitored up-and-out call option. T = 1 month, ∆ = 1 hour, µ = 0.1, r = 0. For each strike and barrier level we report 5 values: i) Black-Scholes value of continuously monitored option, ii) mean value for normally distributed log returns and discretely (daily) monitored option, iii) hedging error corresponding to ii); iv) the mean value process V 0 for the empirical distribution of log returns(discrete monitoring); v) standard deviation of the unconditional hedging error corresponding to iv). Strike and barrier levels are parametrized by the Black-Scholes delta of their position.
barrier (delta/level)
Let us now turn to the hedging errors. Hedging errors of barrier options (columns 4-8) behave differently to those of plain vanilla options (column 3). The hedging error of plain vanilla options are the largest at the money and become smaller for deep-in and deep-out-of-the-money options. In contrast, the hedging error of an upand-out barrier option increases with decreasing strike price. This happens because for vanilla options the only source of the hedging error is the non-linearity of option pay-off around the strike price, whereas for barriers the main source of the hedging errors is the barrier itself. The lower the strike the higher the pay-off near the barrier and the higher the hedging errors.
Consider an (at-the-money) plain vanilla option with T = 1 month to maturity and strike at 100.3 (see Table 1 , column 3). The Black-Scholes value of this option is 2.162, and the standard deviation of the unconditional hedging error is 0.427, due to daily rebalancing. If we consider the empirical distribution of log returns, which exhibits excess kurtosis, the hedging error increases to 0.491. Take now a barrier option with the same strike, and barrier at 107.9. The Black-Scholes price of the barrier option is less than a half at 0.930 but the standard deviation of the hedging error is more than double at 0.931. Thus if selling a plain vanilla option at the BlackScholes price based on historical volatility is not a profitable enterprise, doing the same for barrier options is positively counterproductive. This conclusion is more pronounced for longer maturities and lower strikes, see Table 2 (T = 6 months).
Next we examine the effect of the change in the market direction, by contrasting Table 2 (µ = 0.1) with Table 3 (µ = −0.1). The difference between the BlackScholes no-arbitrage price of a daily monitored barrier optionV and the mean value process V remains small. The mean value is higher in the bear market for plain vanilla options (column 3) but it is generally marginally lower for barrier options, with the exception of very low strikes in combination with very low barrier levels. The difference in absolute value is less than two cents and less than 1% in relative terms (with the exception of the two vanilla option with highest strikes). We conclude that V is largely insensitive to the changes in µ and that the Black-Scholes priceV is a very good proxy for V .
The change in the market direction has a more dramatic effect on the size of unconditional hedging errors. Recall that the standard deviation of the unconditional error is given as a weighted average of one-period hedging errors,
where R and b are close to 1. Since V is largely insensitive to the value of µ the values of ψ (as a function of time, stock price and option status) will very much coincide between the bull and the bear market. What will be different is the expectation of ψ.
The instantaneous hedging error ψ arises from two non-linearities in the option pay-off -one around the strike price and one along the barrier. The hedging error along the barrier tends to be more significant unless the barrier is either very far away from the stock price or the option is just about to be knocked out. In a bull market prices rise on average and the barrier, being above the initial stock price, contributes more significantly to E [ψ j ]. E [ψ j ] will also contain more significant contribution from the strike region if the option is initially out of the money. In contrast, in a bear market price falls on average and E [ψ j ] will put less weight on the barrier region. It will contain a more significant contribution from the strike price, if the option is in the money to begin with. For barrier deltas equal to 10 −100 and 0.49 we expect the strike region to dominate and therefore the hedging errors in the bear market to be larger for in-the-money options. This intuition is borne out by the numerical results shown in Tables 2 and 3 .
Asymptotics
Let us now examine examine the effect of more frequent rebalancing by considering ∆ = 1 hour (Table 4) . Although hedging now occurs hourly we maintain the daily monitoring frequency of the barrier to make the results comparable with those in Table 1 .
In the Black-Scholes model the standard deviation of the hedging error for plain vanilla options decreases with the square root of rebalancing interval, see [3] and [37] . With hourly rebalancing this implies standard deviation equal to 1/8 ≈ 35% of the daily figure (with 8-hour trading day) . The theoretical prediction turns out to be accurate, as can be seen by comparing entries marked ii) in each row of column 3 of Tables 1 and 4 which yields the range 36% to 38% across all strikes.
In the empirical Lévy model the standard deviation of the unconditional hedging error of plain vanilla options is seen to decay more slowly, see entries marked v) in each row of column 3 of Tables 1 and 4 . With hourly rebalancing it is in the range 60%-62% of the daily rebalancing figures across all strikes. In this instance the higher frequency of hedging is (partially) offset by higher kurtosis of hourly returns.
[10], Section 13.7, derives an approximation of the hedging error for leptokurtic returns and shows that rebalancing interval must be multiplied by kurtosis minus one to obtain the correct scaling of hedging errors. In our case Table 5 shows the kurtosis of daily returns is 3.72 and the kurtosis of hourly returns is 8.73, thus we should expect hourly errors to equal 1/8 × 7.73/2.72 ≈ 60% of the daily errors which matches the actual range of 60% to 62% mentioned earlier. Table 5 compares the kurtosis of returns and log returns in the calibrated Lévy model with the kurtosis achieved in its multinomial lattice approximation. The last two columns show the number of standard deviations of one-period log return (rounded up to the nearest quarter) corresponding to the 10 −5 and 1 − 10 −5 quantiles of the one-period log return distribution. This is the range represented by the lattice approximation of the Lévy process. As an aside, we observe that the lattice begins Tables 1 and 4 ) the Black-Scholes situation is more complicated because part of the error is caused by the barrier itself and this part has different ∆ -asymptotics. Conjecturing that the barrier contributes an error whose variance is proportional to the square root of rebalancing interval, see [24] , and assuming that fraction α of the error is generated by the strike region and the rest by the barrier, the approximate expression for the hourly total error as a fraction of daily error would read
For barrier options in columns 4 and 5 of Tables 1 and 4 the percentage reduction in hedging error in the Black-Scholes model stands between 51% and 54% which implies α values in formula (6) between 0.25 and 0.4. Variability of α is to be expected since the relative importance of the two types of errors will depend on barrier and strike levels. One can conjecture that for barrier options in the presence of excess kurtosis the formula (6) will remain the same, only the time scaling factor will be adjusted for excess kurtosis from 0.35 to 0.6 as in the case of plain vanilla options. We thus expect the ratio of hourly to daily errors in the Lévy model to be 0.6α + √ 0.6(1 − α).
With α in the range 0.25 to 0.4 heuristic (7) predicts error reduction in the range 71%-74% while the actual figures from columns 4 and 5 of Tables 1 and 4 yield the range 68%-70%, which for practical purposes is a perfectly adequate approximation. Table 6 provides 5-minute error data for one specific strike/barrier combination corresponding to α = 0.25. It reports the hedging error ε 0 obtained from (5) and the mean value V 0 obtained from (3) and (4) Table 6 we find this ratio to be 0.142/0.519 ≈ 27%. The leptokurtic empirical 5-minute distribution leads to the time scaling factor of 68.05/2.72/96 ≈ 0.26 hence the 5-minute empirical error is predicted to be
of the daily error. The actual figure in Table 6 is 0.33/0.548 ≈ 60%. For practical purposes this is again an acceptable approximation. Our exploratory analysis above points to two open questions in this area of research: 1) calculation of explicit asymptotic expression for hedging error of barrier options in discretely rebalanced Black-Scholes model analogous to the formula of [24] for path-independent options; 2) asymptotic formula for hedging error of barrier options in a continuously rebalanced Lévy model with small jumps. There is a good reason to believe that 1) and 2) are closely linked because similar link has already been established for plain vanilla options, see [11] .
Sharpe ratio price bounds
In this model, as in reality, the sale of an option and subsequent hedging is a risky activity. If one sells an option at its Black-Scholes value corresponding to historical volatility one effectively enters into an investment with zero mean and non-zero variance. In addition this investment is by construction uncorrelated with the stock returns. To make option trading profitable the trader must aim for a certain level of risk-adjusted returns, which implies selling derivatives above their Black-Scholes value. The question then arises as to what is a sensible measure of risk-adjusted returns and what is a sensible level of compensation for the residual risk.
[10] proposes to measure profitability of investment by its certainty equivalent growth rate adjusted for investor's risk aversion. When this measure is applied to mean-variance preferences, it yields a one-to-one relationship with the ex-ante Sharpe ratio of the investment strategy. Thus, in the present context, the unconditional Sharpe ratio appears as a natural measure of risk-adjusted returns.
It is well known that the square of maximal Sharpe ratio available by trading in two uncorrelated assets equals the sum of squared Sharpe ratios of the individual assets. Since the hedged option position is uncorrelated with the stock we can regard the Sharpe ratio of the hedged position as a meaningful measure of incremental performance (i.e. performance over and above optimal investment in the stock).
Suppose that the trader targets a certain level of annualized incremental Sharpe ratio h (say h = 0.5). Assuming that he or she can sell the option at priceC above the mean value V 0 the resulting Sharpe ratio of the hedged option position equals e rT (C − V 0 ) ε 0 .
If T is maturity in years the trader should look for a priceC such that
For plain vanilla options the price adjustment corresponding to annualized incremental Sharpe ratio of 1 gives rise to a gap between implied volatility and historical volatility of about 150 basis points, robustly across maturities and strikes. If the same price adjustment is performed for barrier options its magnitude is as important as, and often several times dominates, the price adjustment due to discrete monitoring. The fraction
is reported in Tables 7 and 8 Table 7 Risk premium as a percentage of mean value for up-and-out call. T = 1 month, ∆ = 1 day, µ = 0.1, r = 0. Strike and barrier levels are parametrized by the Black-Scholes delta of their position. Table 8 Risk premium as a percentage of mean value for up-and-out call. T = 6 months, ∆ = 1 day, µ = 0.1, r = 0. Strike and barrier levels are parametrized by the Black-Scholes delta of their position.
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Conclusions
One obvious conclusion to draw from formula (8) is that prices in an incomplete market are likely to contain both a linear (V 0 ) and a non-linear (ε 0 ) component. The prevailing market practice is to use just the linear part V 0 for calibration which often requires distorting the historical distribution of returns to match observed market prices across strikes and maturities. For example, in their calibration of plain vanilla option prices [31] report historical annualized excess kurtosis at 0.002 but risk-neutral excess kurtosis at 0.18 which is a level that the variance-optimal martingale measure that generates V 0 simply cannot reach. This phenomenon gets worse in the presence of exotic options. Formula (8) offers a flexible alternative that may offer better fit of model dynamics to historical return distributions and at the same time provide closer calibration to market prices thanks to the non-linear term ε 0 which has very different characteristics for different types of exotic options, as we have seen in the previous section.
